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@#.#!C>%6(2!.-!$>9()2!2>*'=&%'=>!%>7%!##############################################################################################################################!F!
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@#.#"!G()9&=>!D3!###########################################################################################################################################################!F!
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!
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!

"#!$%&%'()&*+!,(')%-!!
	  
R!3(')%!()!%6>!9<*=>!&%!06'96!%6>!%&)E>)%!'7!3&*&88>8!%(!;N&;'7!'7!9&88>2!&!7%&%'()&*+!3(')%#!!

dx
dy

(*! f ' x( ) !!&%!%6'7!3(')%!0'88!S>!>T<&8!%(!U>*(#!

!
Eg:-‐!
!
G()7'2>*! ( ) 342 +!= xxxf !
!
H'11>*>)%'&%')E!0'%6!*>73>9%!%(!;V!0>!E>%! f ' x( ) = 2x ! 4 !
!
/>*>!%6>*>!'7!&!7%&%'()&*+!3(')%!&%! x = 2 !&7! f ' 2( ) = 2(2)− 4 = 0 !

! ! !
!
!

/>*>!%6>!9((*2')&%>7!(1!%6>!7%&%'()&*+!3(')%!&*>! 2, −1( ) #!

"#"!.(/!%(!0')1!&!$%&%'()&*+!2(')%3!
!
H'11>*>)%'&%>!%6>!E'=>)!1<)9%'()V!>T<&%>!'%!%(!U>*(!&)2!7(8=>!%6>!>T<&%'()#!W6>!*>73>9%'=>!*((%7!(1!%6>!>T<&%'()!
0'88!3*(='2>!%6>!7%&%'()&*+!3(')%7#!

4#!56&%!'7!&!8(9&8!:&;':<:!=&8<>3!
!
X'=>)!&!1<)9%'()! f x( ) V! f a( ) '7!7&'2!%(!S>!&!8(9&8!:&;':<:!=&8<>!'1! f a( ) > f any value close to 'a '( ) !!
!
/>*>! f a( ) '7!9&88>2!%6>!8(9&8!:&;':<:!=&8<>!&)2! a, f a( )( ) &*>!%6>!9((*2')&%>7!(1!%6>!8(9&8!:&;':<:!3(')%#!

!
Eg.	  
	  
G()7'2>*!%6>!1<)9%'()! ( ) 262 ++!= xxxf !
!
/>*>! f 3( ) =11 !'7!%6>!8(9&8!:&;':<:!=&8<>!&7! f 3( ) > f any value close to '3'( ) !
!
/>*>!%6>!9((*2')&%>7!(1!%6>!8(9&8!:&;':<:!3(')%!&*>! 3, 11( ) #!
!
!
!
!

f 2( ) = 22 ! 4"2+3= !1



! ?!

?#!56&%!'7!&!8(9&8!:')':<:!=&8<>3!
!
X'=>)!&!1<)9%'()! f x( ) V! f a( ) '7!7&'2!%(!S>!&!8(9&8!:')':<:!=&8<>!'1! f a( ) < f any value close to 'a '( ) !!
!
/>*>! f a( ) '7!9&88>2!%6>!8(9&8!:')':<:!=&8<>!&)2! a, f a( )( ) &*>!%6>!9((*2')&%>7!(1!%6>!8(9&8!:')':<:!3(')%#!

!
Eg.	  
	  
G()7'2>*!%6>!1<)9%'()! f x( ) = x2 + 2x + 2 !

/>*>! f !1( ) =1 '7!%6>!8(9&8!:')':<:!=&8<>!&7! f !1( ) < f any value close to '!1'( ) !
!
/>*>!%6>!9((*2')&%>7!(1!%6>!8(9&8!:')':<:!3(')%!&*>! !1, 1( ) #!

@#!.(/!%(!0')1!%6>!8(9&8!:&;':<:!A:')':<:B!=&8<>7!&)1!9((*1')&%>7!(0!
8(9&8!:&;':<:!A:')':<:B!2(')%73!

@#"#!C>%6(1!"-!!D7')E!0'*7%!1>*'=&%'=>!%>7%!
!

"# P')2! f ' x( ) #!!

.# $(8=>!%6>!>T<&%'()! f ' x( ) Y!Q!%(!1')2!%6>!7%&%'()&*+!3(')%7#!Z>%!<7!&77<:>!%6&%!0>!E(%!%0(!7%&%'()&*+!
3(')%7![&\!&)2![S\!7<96!%6&%!&!]!S#!

!
?# H*&0!%6>!*>&8!)<:S>*!8')>!&)2!:&*^![&\!&)2![S\!')!%6&%!(*2>*#!!!

!
!
!
!

@# W&^>!&!=&8<>!%(!%6>!8>1%!(1![&\!S<%!=>*+!98(7>!%(![&\!&)2!7<S7%'%<%>!%6>!=&8<>!')! f ' x( ) #!

L# G6>9^!%6>!7'E)!(1! f ' x( ) #!Z>%!<7!&77<:>!%6&%! f ' x( ) !'7!3(7'%'=>#!

F# O(0!%&^>!&!=&8<>!S>%0>>)![&\!&)2![S\!&)2!7<S7%'%<%>!'%!')! f ' x( ) #!

J# G6>9^!%6>!7'E)!(1! f ' x( ) #!Z>%!<7!&77<:>!%6&%! f ' x( ) !'7!)>E&%'=>#!

_# O(0!%&^>!&!=&8<>!:(*>!%6&)![S\!S<%!=>*+!98(7>!%(![S\!&)2!7<S7%'%<%>!'%!')! f ' x( ) !

K# G6>9^!%6>!7'E)!(1! f ' x( ) #!Z>%!<7!&77<:>!%6&%! f ' x( ) !'7!3(7'%'=>#!
!
!
!
!
!
!
!
!

a b

a b

( ) 01 >xf ( ) 01 <xf ( ) 01 >xf



! @!

56>)! x < a, f ' x( ) '7!3(7'%'=>V!06'96!':38'>7!%6&% f x( ) !'7!&)!')9*>&7')E!1<)9%'()!')! !", a( ) #!56>)! a < x < b,

f ' x( ) '7!)>E&%'=>V!06'96!':38'>7!%6&% f x( ) !'7!&!2>9*>&7')E!1<)9%'()!')! #!/>)9>V!%6>*>!'7!&!8(9&8!:&;':<:!
&%! x = a. !
!
f a( ) '7!&!8(9&8!:&;':<:!=&8<>V!&)2! a, f a( )( ) !&*>!%6>!9((*2')&%>7!(1!8(9&8!:&;':<:!3(')%#!

!
56>)! a < x < b, f ' x( ) '7!)>E&%'=>V!06'96!':38'>7!%6&% f x( ) !'7!&!2>9*>&7')E!1<)9%'()!')! a, b( ) #!56>)! x > b,

f ' x( ) '7!3(7'%'=>V!06'96!':38'>7!%6&% f x( ) !'7!&)!')9*>&7')E!1<)9%'()!') b,!( ) #!/>)9>V!%6>*>!'7!&!8(9&8!:')':<:!&%!
x = b. !
!
f b( ) '7!&!8(9&8!:')':<:!=&8<>V!&)2! b, f b( )( ) !&*>!%6>!9((*2')&%>7!(1!8(9&8!:')':<:!3(')%#!

!
!
What	  if	   f ' x( ) 	  does	  not	  change	  its	  sign	  as	  it	  passes	  through	  ‘a’	  or	  ‘b’?	  
	  
M)!%6&%!9&7>![;Y&\!(*![;YS\!76&88!E'=>!&!3(')%!(1!')18>9%'()!06'96!0>!76&88!7>>!8&%>*#!
!
!
Let	  us	  see	  an	  example	  now.	  	  
!
G()7'2>*!%6>!1<)9%'()! ( ) 193 23 +!!= xxxxf #!
!
/>*>! f ' x( ) = 3x2 − 6x − 9 #!
!
3x2 ! 6x ! 9 = 0 " x = !1, 3 !
!
!
C&*^!S(%6![N"\!&)2![?\!')!%6>!*>&8!)<:S>*!8')>#!
!
Z>%!<7!%&^>!&!=&8<>!%(!%6>!8>1%!(1![N"\!S<%!=>*+!98(7>!%(!'%V!7&+![N"#"\!
!
/>*>! f ' !1.1( ) = 3.63+ 6.6 ! 9 =1.23> 0 #!/>*> f ' x( ) !'7!3(7'%'=>#!
!
O(0!8>%!<7!%&^>!&!=&8<>!S>%0>>)![N"\!&)2![?\V!7&+!Q#!
!
!
f ' 0( ) = 0 ! 0 ! 9 = !9 < 0 #!/>*>! f ' x( ) !'7!)>E&%'=>#!

!
P')&88+!8>%!<7!%&^>!&!=&8<>!:(*>!%6&)![?\!S<%!=>*+!98(7>!%(![?\V!7&+!?#"#!
!
f ' 3.1( ) = 28.83!18.3! 9 =1.53> 0. !/>*>! f ' x( ) !'7!3(7'%'=>#!

!
!

a, b( )



! L!

Z>%!<7!2'738&+!%6'7!')1(*:&%'()!)(0!')!%6>!*>&8!)<:S>*!8')>#!
!
!
!
!
!
!
!
R7![;\!3&77>7!%6*(<E6![N"\V! f ' x( ) !96&)E>7!1*(:!3(7'%'=>!%(!)>E&%'=>#!/>)9>![;YN"\!!E'=>7!&!8(9&8!:&;':<:!=&8<>#!
!
Z(9&8!C&;':<:!=&8<>!Y! ( ) 619311 =++−−=−f !&)2!%6>!9((*2')&%>7!(1!8(9&8!:&;':<:!3(')%!&*>! !1, 6( ) #!
!
!
R7![;\!3&77>7!%6*(<E6![?\V! f ' x( ) 96&)E>7!1*(:!)>E&%'=>!%(!3(7'%'=>#!/>)9>![;Y?\!E'=>7!&!8(9&8!:')':<:!=&8<>#!
!
C')':<:!=&8<>!Y! f 3( ) = 27! 27! 27+1= !26 !&)2!%6>!9((*2')&%>7!(1!8(9&8!:')':<:!3(')%!&*>! 3, ! 26( ) #!
!
Let	  us	  understand	  more	  about	  this	  problem	  by	  observing	  the	  graph	  of	   #!	  
!
! ! !
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
`(<!9&)!7>>!1*(:!%6>!E*&36!%6&%!%6>*>!'7!&!:&;':<:!&%![;YN"\!&)2!%6>*>!'7!&!:')':<:!&%![;Y?\#!
!
! !
!
!

( ) 193 23 +!!= xxxxf

( ) 01 >xf

1! 3

( ) 01 >xf ( ) 01 <xf

f(x)=x^3-3x^2-9x+1

-4 -3 -2 -1 1 2 3 4

-27
-24
-21
-18
-15
-12
-9
-6
-3

3
6
9

12
15
18
21
24
27

x

y



! F!

@#4#!C>%6(1!4-!$>9()1!1>*'=&%'=>!%>7%!
!
W(!<)2>*7%&)2!%6>!$>9()2!H>*'=&%'=>!W>7%V!'%!'7!':3(*%&)%!%6&%!+(<!E(!%6*(<E6!9()9>3%!AG()9&=>!D3!&)2!H(0)!I!$>9()2!
H>*'=&%'=>B!1'*7%#!

@#4#"!F()9&=>!D2!
!
X'=>)!S>8(0!'7!&!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!<3!
!
!
!
!
!
!
!
!
!
!
!
!
!
,8>&7>!)(%>!%6&%!'1! x, f x( )( ) !8'>7!()!%6>!3&*%!(1!%6>!9<*=>!06'96!'7!9()9&=>!<3V!%6>)! f '' x( ) > 0 #!!

!
/>*>V! f '' a( ) > 0 V! f '' b( ) > 0 V! f '' c( ) > 0 V! f '' d( ) > 0 #!
!

@#4#4!F()9&=>!G(/)!
!
X'=>)!S>8(0!'7!&!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!2(0)!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
,8>&7>!)(%>!%6&%!'1! x, f x( )( ) !8'>7!()!%6>!3&*%!(1!%6>!9<*=>!06'96!'7!9()9&=>!2(0)V!%6>)! f '' x( ) < 0 #!!

!
/>*>V! f '' a( ) < 0 V! f '' b( ) < 0 V! f '' c( ) < 0 V! f '' d( ) < 0 #!

•

•

•

•

a, f a( )( )

b, f b( )( )

c, f c( )( )

d, f d( )( )

•

•

•

•

a, f a( )( )

b, f b( )( )

c, f c( )( )

d, f d( )( )
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@#4#?!F()9&=>!D2!H!$>9()1!G>*'=&%'=>!
!
,8>&7>!)(%!%6&%!'1! f x( ) !'7!')9*>&7')E!%6>)! f ' x( ) > 0 !&)2!'1! f x( ) !'7!2>9*>&7')E!%6>)! f ' x( ) < 0 !
!
$':'8&*8+V!'1! f ' x( ) !'7!')9*>&7')E!%6>)! f '' x( ) > 0 !&)2!'1! f ' x( ) !'7!2>9*>&7')E!%6>)! f '' x( ) < 0 !
!
,8>&7>!8((^!&%!%6>!1'E<*>!AG()9&=>!D3B!E'=>)!S>8(0-!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
/>*>!3(')%7!RV!HV!aV!&)2!G!8'>!()!%6>!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!<3#!W&)E>)%7!&%!RV!HV!aV!&)2!G!&*>!8&S>8>2!
&7![E\V![6\V![3\V!&)2![T\#!
!
M%!'7!>&7+!%(!)(%>!%6&%! slope of 'q ' > slope of ' p ' > slope of 'h ' > slope of 'g ' !
!
/>)9>V! f ' A( ) < f ' D( ) < f ' B( ) < f ' C( ) !06'96!:>&)7!%6&%!%6>!78(3>7!&*>!')9*>&7')E#!
!
'#>#!&7!0>!:(=>!&8()E!%6>!9<*=>!1*(:!R!%(!GV! f ' x( ) '7!')9*>&7')E!06'96!':38'>7!%6&%! f '' x( ) > 0 !&%!3(')%7!RV!aV!GV!
&)2!H#!
!
!
!
!
!
!
!
!
!
!
!



! _!

!
Z>%!<7!7>>!&)(%6>*!>;&:38>#!,8>&7>!8((^!&%!%6>!1'E<*>!AG()9&=>!D3B!E'=>)!S>8(0-!
!
!
!

!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

!
/>*>!3(')%7!HV!GV!aV!&)2!R!8'>!()!%6>!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!<3#!W&)E>)%7!&%!RV!aV!GV!&)2!H!&*>!8&S>8>2!
&7![E\V![6\V![3\V!&)2![T\#!
!
M%!'7!>&7+!%(!)(%>!%6&%! slope of 'g ' > slope of 'h ' > slope of ' p ' > slope of 'q ' !
!
/>)9>V! f ' D( ) < f ' C( ) < f ' B( ) < f ' A( ) !06'96!:>&)7!%6&%!%6>!78(3>7!&*>!')9*>&7')E#!
!
'#>#!&7!0>!:(=>!&8()E!%6>!9<*=>!1*(:!H!%(!RV! f ' x( ) '7!')9*>&7')E!06'96!':38'>7!%6&%! f '' x( ) > 0 !&%!3(')%7!RV!aV!GV!
&)2!H#!

!
!
!
!
!
!

!
!
!



! K!

@#4#@!F()9&=>!G(/)!H!$>9()1!G>*'=&%'=>!
!
,8>&7>!8((^!&%!%6>!1'E<*>!AG()9&=>!H(0)B!E'=>)!S>8(0-!
!
!
!

!
!
!
!
/>*>!3(')%7!RV!aV!&)2!G!8'>!()!%6>!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!2(0)#!W&)E>)%7!&%!RV!aV!&)2!G!&*>!8&S>8>2!&7!
[E\V![6\V!&)2![3\#!
!
M%!'7!>&7+!%(!)(%>!%6&%! slope of 'g ' > slope of 'h ' > slope of ' p ' !
!
/>)9>V! f ' A( ) > f ' B( ) > f ' C( ) !06'96!:>&)7!%6&%!%6>!78(3>7!&*>!2>9*>&7')E#!
!
'#>#!&7!0>!:(=>!&8()E!%6>!9<*=>!1*(:!R!%(!GV! f ' x( ) '7!2>9*>&7')E!06'96!':38'>7!%6&%! f '' x( ) < 0 !&%!3(')%7!RV!aV!
&)2!G#!
!
!
!
!
!



! "Q!

!
!
Z>%!<7!7>>!&)(%6>*!>;&:38>#!,8>&7>!8((^!&%!%6>!1'E<*>!AG()9&=>!H(0)B!E'=>)!S>8(0-!
!

!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!

!
!
!
!
!
/>*>!3(')%7!RV!aV!&)2!G!8'>!()!%6>!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!2(0)#!W&)E>)%7!&%!RV!aV!&)2!G!&*>!8&S>8>2!&7!
[E\V![6\V!&)2![3\#!
!
M%!'7!>&7+!%(!)(%>!%6&%! slope of 'h ' > slope of ' p ' > slope of 'g ' !
!
/>)9>V! f ' B( ) > f ' C( ) > f ' A( ) !06'96!:>&)7!%6&%!%6>!78(3>7!&*>!2>9*>&7')E#!
!
'#>#!&7!0>!:(=>!&8()E!%6>!9<*=>!1*(:!a!%(!RV! f ' x( ) '7!2>9*>&7')E!06'96!':38'>7!%6&%! f '' x( ) < 0 !&%!3(')%7!RV!aV!
&)2!G#!
!
!
!
!
!
!
!
!



! ""!

!
X'=>)!S>8(0!'7!&!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!<3!
!
!
!
!
!
!
!
!
!
!
!
!
/>*>V! b, f b( )( ) !'7!&!3(')%!(1!8(9&8!:')':<:!&)2! f b( ) !'7!&!8(9&8!:')':<:!=&8<>#!

!
M%!'7!>&7+!%(!)(%>!%6&%! f ' b( ) = 0 !A7%&%'()&*+!3(')%B!&)2! f '' b( ) > 0 !A&7! b, f b( )( ) !8'>7!()!%6>!3&*%!(1!%6>!9<*=>!%6&%!

'7!G()9&=>!D3B!
!
!"#$"%&'% f ' b( ) = 0 %(#)% f '' b( ) > 0 *%+,"#% b, f b( )( ) %&-%(%./&#+%/'%0/$(0%1&#&1213%

!
X'=>)!S>8(0!'7!&!3&*%!(1!%6>!9<*=>!%6&%!'7!9()9&=>!2(0)!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
/>*>V! b, f b( )( ) !'7!&!3(')%!(1!8(9&8!:&;':<:!&)2! f b( ) !'7!&!8(9&8!:&;':<:!=&8<>#!

!
M%!'7!>&7+!%(!)(%>!%6&%! f ' b( ) = 0 !A7%&%'()&*+!3(')%B!&)2! f '' b( ) < 0 !A&7! b, f b( )( ) !8'>7!()!%6>!3&*%!(1!%6>!9<*=>!%6&%!

'7!G()9&=>!D3B!
!
!"#$"%&'% f ' b( ) = 0 (#)% f '' b( ) < 0 *%+,"#% b, f b( )( ) %&-%(%./&#+%/'%0/$(0%1(4&1213%

%

•
b, f b( )( )

•

b, f b( )( )



! ".!

Second	  Derivative	  Test:	  
!

"# P')2! f ' x( ) #!!

.# $(8=>!%6>!>T<&%'()! f ' x( ) Y!Q!%(!1')2!%6>!7%&%'()&*+!3(')%7#!Z>%!<7!&77<:>!%6&%!0>!E(%!%0(!7%&%'()&*+!
3(')%7![&\!&)2![S\!7<96!%6&%!&!]!S#!

?# P')2! f '' x( ) V!%6>!7>9()2!2>*'=&%'=>#!

@# P')2 f '' a( ) #!!

L# M1! f '' a( ) > 0, %6>)! x = a E'=>7!&!8(9&8!:')':<:!=&8<>!&)2!%6>!8(9&8!:')':<:!=&8<>!'7! f a( ). !
F# M1! f '' a( ) < 0, %6>)! x = a E'=>7!&!8(9&8!:&;':<:!=&8<>!&)2!%6>!8(9&8!:&;':<:!=&8<>!'7! f a( ). !
J# M1! f '' a( ) = 0, %6>)! x = a :&+!E'=>!&!8(9&8!:&;':<:!=&8<>!A(*B!&!8(9&8!:')':<:!=&8<>!A(*B!&!7%&%'()&*+!

3(')%!(1!')18>9%'()#!M)!%6'7!9&7>V!%6>!7>9()2!2>*'=&%'=>!%>7%!1&'87#!5>!0'88!6&=>!%(!<7>!%6>!1'*7%!2>*'=&%'=>!
%>7%!%(!2>%>*:')>!%6>!)&%<*>!(1!%6>!7%&%'()&*+!3(')%#!

_# b>3>&%!%6>!7&:>!3*(9>77!1(*![S\#!
!
!
Let	  us	  consider	  the	  same	  example	  that	  we	  used	  earlier.	  !
!
G()7'2>*!%6>!1<)9%'()! ( ) 193 23 +!!= xxxxf #!
!
/>*>! f ' x( ) = 3x2 ! 6x ! 9 #!
!
3x2 ! 6x ! 9 = 0 " x = !1, 3 !
!
O(0! f ''(x) = 6x ! 6 #!
!
R%! x = !1, f '' !1( ) = !6 ! 6 = !12 < 0. !/>)9>! x = !1E'=>7!&!8(9&8!:&;':<:!=&8<>#!
! !
Z(9&8!:&;':<:!=&8<>!Y! ( ) 619311 =++−−=−f !
!
W6>!9((*2')&%>7!(1!:&;':<:!3(')%!&*>! !1, 6( ) #!
!
R%! x = 3, f '' 3( ) =18! 6 =12 > 0. !/>)9>! x = 3 E'=>7!&!8(9&8!:')':<:!=&8<>#!
!
Z(9&8!:')':<:!=&8<>!Y! ( ) .2612727273 !=+!!=f !
!
W6>!9((*2')&%>7!(1!:')':<:!3(')%!&*>! 3, − 26( ) #!
!
!
!
!
!
!
!



! "?!

I#!,(')%7!(0!J)08>9%'()-!K!
!
W6>*>!&*>!%0(!%+3>7!(1!3(')%!(1!')18>9%'()!c!7%&%'()&*+!3(')%!(1!')18>9%'()!&)2!)()N7%&%'()&*+!3(')%!(1!')18>9%'()#!
M%!'7!&!3(')%!()!%6>!9<*=>!06>*>!%6>!9()9&='%+!96&)E>7!N!1*(:!9()9&=>N<3!%(!9()9&=>N2(0)!(*!='9>N=>*7&#!
!
Example	  1	  (Stationary	  Point	  of	  Inflection)	  
!
G()7'2>*!%6>!E*&36!(1! f x( ) = x3 !
!
!
!
!
!
!
!
!
!
!

!

!

!

!

!

!

!

!
/>*>!%6>!9<*=>!'7!9()9&=>!2(0)!06>)! x < 0 V!&)2!9()9&=>!<3!06>)! x > 0 #!R7!0>!:(=>!1*(:!8>1%!%(!*'E6%V!%6>!
9<*=>!96&)E>7!1*(:!9()9&=>!2(0)!%(!9()9&=>!<3!&%! x = 0. !R87(! x = 0 '7!&!7%&%'()&*+!3(')%#!/>)9>V!%6>*>!'7!&!
7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x = 0. !

!
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  



! "@!

	  
Example	  2	  (Non-‐Stationary	  Point	  of	  Inflection)	  
!
G()7'2>*!%6>!E*&36!(1! f x( ) = x3 !3x2 ! 9x +1 !
!
!

!

!

!

!

!

!

!

!

!

!
/>*>!%6>!9<*=>!'7!9()9&=>!2(0)!06>)! x <1V!&)2!9()9&=>!<3!06>)! x >1#!R7!0>!:(=>!1*(:!8>1%!%(!*'E6%V!%6>!
9<*=>!96&)E>7!1*(:!9()9&=>!2(0)!%(!9()9&=>!<3!&%! x =1. !a<%! x =1'7!&!)(%!&!7%&%'()&*+!3(')%#!/>)9>V!%6>*>!'7!
&!)()N7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x =1. !

!

I#"#!$%&%'()&*+!2(')%!(0!')08>9%'()!
!
R!3(')%! x = a '7!7&'2!%(!S>!&!7%&%'()&*+!3(')%!(1!')18>9%'()!'1!'%!7&%'71'>7!%6>!1(88(0')E!%0(!9()2'%'()7#!
!

"# f ' x( ) Y!Q!

.# R7![;\!3&77>7!%6*(<E6![&\V! f ' x( ) !2(>7!)(%!96&)E>!'%7!7'E)#!'#>#V! f ' x( ) > 0 !S>1(*>!&)2!&1%>*![&\!(*!

f ' x( ) < 0 S>1(*>!&)2!&1%>*![&\#!

M%!'7!':3(*%&)%!%(!)(%>!%6&%!6>*> f '' a( ) = 0 !

$%>27!%(!0')1!%6>!7%&%'()&*+!2(')%!(0!')08>9%'()#!
	  

"# P')2! f ' x( ) #!!

.# $(8=>!%6>!>T<&%'()! f ' x( ) Y!Q!%(!1')2!%6>!7%&%'()&*+!3(')%7#!Z>%!<7!&77<:>!%6&%!0>!E(%!%0(!7%&%'()&*+!
3(')%7![&\!&)2![S\!7<96!%6&%!&!]!S#!

!

f(x)=x^3-3x^2-9x+1

-4 -3 -2 -1 1 2 3 4

-27
-24
-21
-18
-15
-12
-9
-6
-3

3
6
9

12
15
18
21
24
27

x

y



! "L!

?# H*&0!%6>!*>&8!)<:S>*!8')>!&)2!:&*^![&\!&)2![S\!')!%6&%!(*2>*#!!!
!
!
!
!

@# W&^>!&!=&8<>!%(!%6>!8>1%!(1![&\!S<%!=>*+!98(7>!%(![&\!&)2!7<S7%'%<%>!%6>!=&8<>!')! f ' x( ) #!

L# G6>9^!%6>!7'E)!(1! f ' x( ) #!Z>%!<7!&77<:>!%6&%! f ' x( ) !'7!)>E&%'=>#!

F# O(0!%&^>!&!=&8<>!S>%0>>)![&\!&)2![S\!&)2!7<S7%'%<%>!'%!')! f ' x( ) #!

J# G6>9^!%6>!7'E)!(1! f ' x( ) #!Z>%!<7!&77<:>!%6&%! f ' x( ) !'7!3(7'%'=>#!

_# O(0!%&^>!&!=&8<>!:(*>!%6&)![S\!S<%!=>*+!98(7>!%(![S\!&)2!7<S7%'%<%>!'%!')! f ' x( ) !

K# G6>9^!%6>!7'E)!(1! f ' x( ) #!Z>%!<7!&77<:>!%6&%! f ' x( ) !'7!3(7'%'=>#!
!
!
!
!
!
!
!
!
56>)! x < a, f ' x( ) '7!)>E&%'=>V!06'96!':38'>7!%6&% f x( ) !'7!&!2>9*>&7')E!1<)9%'()!')! !", a( ) #!56>)! a < x < b,

f ' x( ) '7!3(7'%'=>V!06'96!':38'>7!%6&% f x( ) !'7!')9*>&7')E!') a, b( ) #!56>)! x > b, f ' x( ) '7!3(7'%'=>V!06'96!':38'>7!

%6&% f x( ) !'7!')9*>&7')E!') b,!( ) !
!
/>*>!%6>*>!'7!8(9&8!:&;':<:!&%! x = a &)2!7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x = b #/>)9>! f a( ) '7!&!8(9&8!

:')':<:!=&8<>V!&)2! a, f a( )( ) !&*>!%6>!9((*2')&%>7!(1!8(9&8!:')':<:!3(')%#!R87(V! b, f b( )( ) !&*>!%6>!

9((*2')&%>7!(1!%6>!7%&%'()&*+!3(')%!(1!')18>9%'()#!
!
Let	  us	  see	  an	  example	  to	  understand	  this	  much	  better.	  
	  
Locate	  the	  stationary	  points	  of	  inflection	  for	  the	  curve	   f x( ) = x3e!x 	  
!
5>!S>E')!S+!2>%>*:')')E!06>*>!7%&%'()&*+!3(')%7!(99<*-!
!
!
f x( ) = x3e!x " f ' x( ) = 3x2e!x ! x3e!x

!
!
f ' x( ) = 0 ! 3x2e"x " x3e"x = 0 !

!
x2e!x 3! x( ) = 0 " x2 = 0 (or) 3! x = 0 (as e!x # 0) !
!
! x = 0 (or) x = 3 !
!

a b

( ) 01 >xf( ) 01 <xf f 1 x( ) > 0

a b



! "F!

5>!9&)!<7>!%6>!7'E)!(1!%6>!1'*7%!2>*'=&%'=>!%(!6>83!<7!2>%>*:')9>!%6>!)&%<*>!(1!%6>!7%&%'()&*+!3(')%#!
!
R%! x = 3 : !
!
P(*! x = 2.9, f ' 2.9( ) = 2.92 ! e"2.9 ! 3" 2.9( ) = 0.046 > 0 !
!
P(*! x = 3.1, f ' 3.1( ) = 3.12 ! e"3.1 ! 3"3.1( ) = "0.043 < 0 !
!
W6>*>1(*>!%6>*>!>;'7%7!&!8(9&8!:&;':<:!&%! x = 3. !
!
R%! x = 0 : !
!
P(*! x = 0.1, f ' 0.1( ) = 0.12 ! e"0.1 ! 3" 0.1( ) = 0.026 > 0 !
!
P(*! x = −0.1, f ' −0.1( ) = −0.12 × e−0.1 × 3+ 0.1( ) = 0.034 > 0 !
!
R7!%6>*>!'7!)(!96&)E>!')!%6>!7'E)!(1!%6>!1'*7%!2>*'=&%'=>V!%6>*>!'7!&!7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x = 0. !
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
!
P*(:!%6>!E*&36!0>!9&)!7>>!%6&%!%6>*>!'7!&!8(9&8!:&;':<:!&%! x = 3 !&)2!&!7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x = 0. !
! !
W6>*>1(*>V!%6>!7%&%'()&*+!3(')%!(1!')18>9%'()!(99<*7!&%! 0, 0( ). !



! "J!

I#4#!L()K7%&%'()&*+!2(')%!(0!')08>9%'()!
!
R!3(')%! x = a '7!7&'2!%(!S>!&!)()N7%&%'()&*+!3(')%!(1!')18>9%'()!'1!'%!7&%'71'>7!%6>!1(88(0')E!%0(!9()2'%'()7#!
!

"# f ' x( ) ≠ 0 and f '' x( ) = 0 !

.# R7![;\!3&77>7!%6*(<E6![&\V! f ' x( ) !2(>7!)(%!96&)E>!'%7!7'E)#!'#>#V! f ' x( ) > 0 !S>1(*>!&)2!&1%>*![&\!(*!

f ' x( ) < 0 S>1(*>!&)2!&1%>*![&\#!

$%>27!%(!0')1!&!)()K7%&%'()&*+!2(')%!(0!')08>9%'()#!
	  

"# P')2! f ' x( ) and f '' x( ). !
.# $(8=>!%6>!>T<&%'()! f '' x( ) = 0 #!Z>%!<7!&77<:>!%6&%!%6>!7(8<%'()!'7! x = a so that f '' a( ) = 0. !
?# G6>9^!%6>!7'E)!(1!%6>!1'*7%!2>*'=&%'=>!S>1(*>!&)2!&1%>*![&\#!M1! f ' x( ) 6&7!%6>!7&:>!7'E)!S>1(*>!&)2!&1%>*![&\V!

%6>)!%6>*>!'7!&!)()N7%&%'()&*+!3(')%!(1!')18>9%'()!&%! #!
!
,8>&7>!*>:>:S>*!%6&%! f '' a( ) = 0 '**>73>9%'=>!(1!06>%6>*![;Y&\!'7!&!7%&%'()&*+!(*!&!)()N7%&%'()&*+!3(')%!
(1!')18>9%'()#!
!
! !
Let	  us	  see	  two	  examples	  to	  make	  you	  understand	  this	  concept	  better.	  
	  
Show	  that	  the	  curve	  with	  equation	   y = x4 ! 4x3has	  a	  non-‐stationary	  point	  of	  inflection	  at	   x = 2 .	  
	  
P(*!%6>!9<*=>!%(!6&=>!&!)()N7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x = 2 0>!)>>2!%(!76(0!%6&%-!
!

"# dy
dx

! 0 at x = 2 !

.# d 2y
dx2 = 0 at x = 2 !

?# %6>!7'E)!(1!%6>!E*&2'>)%V! dy
dx

, !'7!%6>!7&:>!()!S(%6!7'2>7!(1! x = 2 !

!
	  

O(0V! dy
dx

= 4x3 !12x2 " d 2y
dx2 =12x2 ! 24x

	  
	  

P(*! x = 2, dy
dx

= 4(23)!12(22 ) = !16 " 0 and d 2y
dx2 =12(22 )! 24(2) = 0 !

!

P(*! x = 2.1, dy
dx

= !15.876 < 0 and x =1.9, dy
dx

= !15.88 < 0 !

!

x = a



! "_!

W6>!7'E)!(1!%6>!E*&2'>)%V! dy
dx

, !'7!%6>!7&:>!()!S(%6!7'2>7!(1! x = 2 !

!
W6>*>1(*>!%6>*>!'7!&!)()N7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x = 2 !
!
Let	  us	  see	  another	  example	  
!
P')2!&)2!98&77'1+!&88!7%&%'()&*+!3(')%7!A&)2!')18>9%'()!3(')%7B!(1! f x( ) = x3 −3x2 − 9x +1. ! !
!
f ' x( ) = 3x2 ! 6x ! 9 !

!
f ' x( ) = 0 ! 3x2 " 6x " 9 = 0 ! x = 3 or "1 !

!
R%! x = 3 : !
!
f ' 2.9( ) < 0 and f ' 3.1( ) > 0 !

!
/>)9>V! f 3( ) = −26 '7!%6>!8(9&8!:')':<:!=&8<>!&)2!%6>*>!'7!&!8(9&8!:')':<:!&%! 3, 26( ) !
!
R% x = !1:!
!
f ' !1.1( ) > 0 and f ' !0.9( ) < 0 !

!
/>)9>V! f !1( ) = 6 '7!%6>!8(9&8!:&;':<:!=&8<>!&)2!%6>*>!'7!&!8(9&8!:&;':<:!&%! !1, 6( ) !
!
Checking	  for	  points	  of	  inflection:	  
!
M%!'7!>&7+!%(!)(%>!%6&%!%6>*>!'7!)(!7%&%'()&*+!3(')%!(1!')18>9%'()#!Z>%!<7!)(0!96>9^!1(*!)()N7%&%'()&*+!3(')%!(1!
')18>9%'()#!
!
f '' x( ) = 6x ! 6 !

!
f '' x( ) = 0 ! 6x " 6 = 0 ! x =1 !

!
f ' 1( ) = 3! 6 ! 9 =12 " 0 and f '' 1( ) = 0 !

!
R%! x =1: !
!
f ' 0.9( ) < 0 and f ' 1.1( ) < 0 !

!
W6>!7'E)!(1!%6>!E*&2'>)%! f ' x( ) '7!%6>!7&:>!()!S(%6!7'2>7!(1! x =1. !
!
/>)9>!%6>*>!'7!&!)()N7%&%'()&*+!3(')%!(1!')18>9%'()!&%! 1, !10( ) !
!



! "K!

Note:	  
!
M1! f ' a( ) = 0 & f '' a( ) = 0 V!%6>)!2(!0>!6&=>!&!3(')%!(1!')18>9%'()!&%! x = a? !
!
Z>%!<7!7>>!&)!>;&:38>!%(!1')2!&)70>*!%(!%6'7!T<>7%'()-!
!
G()7'2>*! f x( ) = x4 !
!
/>*>! f ' x( ) = 4x3 !
!
f ' x( ) = 0 ! 4x3 = 0 ! x = 0 !

!
/>*>V! f '' x( ) =12x2 !
!
O(0V!&%! x = 0, f '' 0( ) = 0 !
!
/>)9>V! f ' 0( ) = 0 & f '' 0( ) = 0 !
!
H(>7!'%!:>&)V!&%! x = 0, 0>!6&=>!&!7%&%'()&*+!3(')%!(1!')18>9%'()4!
!
Z>%!<7!2*&0!%6>!9<*=>! y = x4 !%(!96>9^!%6'7#!
!
!
!
!
!

!

!

!

!

!
!
M%!'7!=>*+!98>&*!%6&%!%6>*>!'7!&!8(9&8!:')':<:!&%! x = 0 &)2!)(%!&!7%&%'()&*+!3(')%!(1!')18>9%'()#!
!
/>)9>V! f ' a( ) = 0 & f '' a( ) = 0 !2(>7!)(%!':38+!%6&%!%6>*>!'7!&!7%&%'()&*+!3(')%!(1!')18>9%'()!&%! x = a. !



! .Q!

!
M)!%6'7!9&7>V!0>!7&+!%6&%!%6>!7>9()2!2>*'=&%'=>!%>7%!1&'87#!5>!76(<82!<7>!%6>!1'*7%!2>*'=&%'=>!%>7%!%(!%>7%!%6>!
)&%<*>!(1!%6>!7%&%'()&*+!3(')%#!

M#!$'E)!(0!N'*7%!&)1!$>9()1!G>*'=&%'=>7-!K!
!

5&6#%/'%'&7-+%(#)%-"$/#)%)"7&8(+&8"-%9"'/7"*%('+"7%(#)%(+%+,"%0/$(0%1(4&121*%0/$(0%1&#&121*%-+(+&/#(7:%(#)%#/#;
-+(+&/#(7:%./&#+-%/'%&#'0"$+&/#<%
!
Local	  Maximum:	  
!
Z>%! x = a S>!&!8(9&8!:&;':<:!3(')%#!
!
!
!
!
!
	  
!
!
!
!
/>*>V!1'*7%!2>*'=&%'=>!0'88!S>!3(7'%'=>!S>1(*>![&\V!U>*(!&%![&\!&)2!)>E&%'=>!&1%>*![&\#!
!
&3"3%-&6#%/'%'&7-+%)"7&8(+&8"%$,(#6"-%(-%&+%.(--"-%+,7/26,% x = a %
!
!
!
!
!
!
!
!
!
/>*>V!7>9()2!2>*'=&%'=>!0'88!S>!)>E&%'=>!S>1(*>V!&1%>*!&)2!&%![&\#!
!
&3"3%-&6#%/'%-"$/#)%)"7&8(+&8"%)/"-%#/+%$,(#6"%(-%&+%.(--"-%+,7/26,% x = a %
%
	  
	  
	  
	  
	  
	  
	  
	  
	  

f ' x( ) > 0 f ' x( ) < 0

f ' a( ) = 0

a

f '' x( ) < 0 f '' x( ) < 0

f '' a( ) < 0

a



! ."!

Local	  Minimum:	  
!
Z>%! x = a S>!&!8(9&8!:')':<:!3(')%#!
!
!
!
!
!
	  
!
!
!
/>*>V!1'*7%!2>*'=&%'=>!0'88!S>!)>E&%'=>!S>1(*>![&\V!U>*(!&%![&\!&)2!3(7'%'=>!&1%>*![&\#!
!
&3"3%-&6#%/'%'&7-+%)"7&8(+&8"%$,(#6"-%(-%&+%.(--"-%+,7/26,% x = a %
!
!
!
!
!
!
!
!
!
/>*>V!7>9()2!2>*'=&%'=>!0'88!S>!3(7'%'=>!S>1(*>V!&1%>*!&)2!&%![&\#!
!
&3"3%-&6#%/'%-"$/#)%)"7&8(+&8"%)/"-%#/+%$,(#6"%(-%&+%.(--"-%+,7/26,% x = a %
%
Stationary	  Point	  of	  Inflection:	  
!
Z>%! x = a S>!&!7%&%'()&*+!3(')%!(1!')18>9%'()!
!
Case	  1:	  
!
!
!
!
!
	  
!
!
/>*>V!1'*7%!2>*'=&%'=>!0'88!S>!)>E&%'=>!S>1(*>!&)2!&1%>*![&\!&)2!U>*(!&%![&\#!
!
&3"3%-&6#%/'%'&7-+%)"7&8(+&8"%)/"-%#/+%$,(#6"%(-%&+%.(--"-%+,7/26,% x = a %
%
!
!
!

f ' x( ) > 0f ' x( ) < 0

f ' a( ) = 0

a

f '' x( ) > 0 f '' x( ) > 0

f '' a( ) > 0

a

f ' x( ) < 0f ' x( ) < 0

f ' a( ) = 0

a



! ..!

!
!
!
!
!
!
!
!
/>*>V!7>9()2!2>*'=&%'=>!0'88!S>!3(7'%'=>!S>1(*>![&\V!)>E&%'=>!&1%>*![&\V!&)2!U>*(!&%![&\#!
!
&3"3%-&6#%/'%-"$/#)%)"7&8(+&8"%$,(#6"-%(-%&+%.(--"-%+,7/26,% x = a %
!
Case	  2:	  
!
!
!
!
!
	  
!
!
!
/>*>V!1'*7%!2>*'=&%'=>!0'88!S>!3(7'%'=>!S>1(*>!&)2!&1%>*![&\!&)2!U>*(!&%![&\#!
!
&3"3%-&6#%/'%'&7-+%)"7&8(+&8"%)/"-%#/+%$,(#6"%(-%&+%.(--"-%+,7/26,% x = a %
!
!
!
!
!
!
!
!
!
!
!
!
!
!
/>*>V!7>9()2!2>*'=&%'=>!0'88!S>!)>E&%'=>!S>1(*>![&\V!3(7'%'=>!&1%>*![&\V!&)2!U>*(!&%![&\#!
!
&3"3%-&6#%/'%-"$/#)%)"7&8(+&8"%$,(#6"-%(-%&+%.(--"-%+,7/26,% x = a %
!
!
	  
	  
	  
	  

f '' x( ) > 0 f '' x( ) < 0

f '' a( ) = 0

a

f ' x( ) > 0f ' x( ) > 0

f ' a( ) = 0

a

f '' x( ) < 0 f '' x( ) > 0

f '' a( ) = 0

a



! .?!

Non-‐Stationary	  Point	  of	  Inflection:	  
!
Z>%! x = a S>!&!)()N7%&%'()&*+!3(')%!(1!')18>9%'()!
!
Case	  1:	  
!
!
!
!
!
	  
!
!
!
/>*>V!1'*7%!2>*'=&%'=>!0'88!S>!)>E&%'=>!S>1(*>!&)2!&1%>*![&\!&)2!)(%!>T<&8!%(!U>*(!&%![&\#!
!
&3"3%-&6#%/'%'&7-+%)"7&8(+&8"%)/"-%#/+%$,(#6"%(-%&+%.(--"-%+,7/26,% x = a %
!
!
!
!
!
!
!
!
!
/>*>V!7>9()2!2>*'=&%'=>!0'88!S>!3(7'%'=>!S>1(*>![&\V!)>E&%'=>!&1%>*![&\V!&)2!U>*(!&%![&\#!
!
&3"3%-&6#%/'%-"$/#)%)"7&8(+&8"%$,(#6"-%(-%&+%.(--"-%+,7/26,% x = a %
!
!
Case	  2:	  
!
!
!
!
!
	  
!
!
!
/>*>V!1'*7%!2>*'=&%'=>!0'88!S>!3(7'%'=>!S>1(*>!&)2!&1%>*![&\!&)2!U>*(!&%![&\#!
!
&3"3%-&6#%/'%'&7-+%)"7&8(+&8"%)/"-%#/+%$,(#6"%(-%&+%.(--"-%+,7/26,% x = a %
%
%
%
%

f ' x( ) < 0f ' x( ) < 0

f ' a( ) ! 0

a

f '' x( ) > 0 f '' x( ) < 0

f '' a( ) = 0

a

f ' x( ) > 0f ' x( ) > 0

f ' a( ) ≠ 0

a



! .@!

%
!
!
!
!
!
!
!
!
/>*>V!7>9()2!2>*'=&%'=>!0'88!S>!)>E&%'=>!S>1(*>![&\V!3(7'%'=>!&1%>*![&\V!&)2!U>*(!&%![&\#!
!
&3"3%-&6#%/'%-"$/#)%)"7&8(+&8"%$,(#6"-%(-%&+%.(--"-%+,7/26,% x = a %
	  

f '' x( ) < 0 f '' x( ) > 0

f '' a( ) = 0

a




